We study the free energy of the pure glue QCD string with a torus target space and the gauge groups SU(N) and (chiral) U(N). It is highly constrained by a strong/weak gauge coupling duality which results in modular covariance. The string free energy is computed exactly in terms of modular forms for worldsheet genera 1 -8. It has a surprisingly mild singularity in the weak gauge coupling/small area limit. †
Introduction
The idea of a string theoretic formulation of QCD is as tantalizing today as it was twenty years ago. Despite its age and elusiveness, the promise of a description of the phenomena of strongly coupled gauge theory in term of strings is compelling. The many problems encountered in trying to implement this idea have shown that the formulation must differ substantially from the critical string. It must not include spacetime gravity, for instance. As a result, there are no promising models at this time.
The hope for a QCD string has been rejuvenated recently by significant progress understanding QCD in two dimensions. Pure glue QCD 2 has been solved exactly [1] , and a great deal of work has gone into constructing a string theory from its large N expansion [2, 3, 4] . The string action that has resulted is a perturbed topological sigma model coupled to topological gravity [5, 6, 7, 8] . Perhaps a simpler formulation of the topological string is possible, but we are in a novel situation of having a string theory that has been shown to be equivalent to QCD, albeit in two dimensions.
The ultimate goal is to use the string theory of QCD 2 to construct, directly or indirectly, a QCD 4 string action. The direct extension of the sigma model to four dimensions would presumably yield some version of topological Yang-Mills, although this is a non-trivial, open problem. A further perturbation would be necessary to get dynamical (pure glue) QCD.
If the direct approach proves to be intractable, we may still make progress toward a QCD 4 string by identifying properties of the string that are independent of dimension. To that end, we will examine the QCD string partition function in detail, particularly focusing on QCD on the torus which most resembles critical string theory. The large N expansion of the QCD free energy has been given in terms of two different group theoretic sums [1, 4] , the free energy for free fermions and the equivalent Jevicki-Sakita bosons [9, 10] and, of course, the free energy of the topological string itself [8] . The various formulations readily reveal different aspects of the free energy, but none is completely explicit. We will show how the structure of the Jevicki-Sakita expressions and the simple algebra of the heat kernel sum combine to let us compute the free energy efficiently. The free energy will be calculated exactly in terms of modular forms up to genus 8. It is very rare to have an exact expression to the eighth order of string perturbation theory. In those cases where such an expression has been found, as in matrix models, it is possible to continue to all orders. In fact, there is a differential equation relating the free energy at a given order to that at lower orders. If such an equation were known for the QCD string, then there would be no need to display the horrendous expression for genus 8. But the obvious candidates (slight generalizations of the holomorphic anomaly equation [5] ) fail.
The absence of boundary contributions to the (chiral) U(N) free energy suggests an even simpler structure-that a handle creation operator exists. We find something akin to one, but it couples to the infinitely many deformations of QCD. A simple equation in terms of the Kähler modulus alone would be much more powerful. It is plausible, but it has not been found. So we will list the exact expressions up to genus 8 and point out some surprising features that emerge.
QCD and Its String Expansion
This section presents an overview of some of the salient aspects of QCD 2 . We give a brief review of the heat kernel partition function and Gross's large N expansion of it. Next we discuss the relationship between SU(N) and U(N) 2D Yang-Mills theory, and we show that the SU(N) partition function is easily computed from that of chiral U(N).
Pure glue Yang-Mills theory is exactly solvable in two dimensions. This is largely due to the absence of propagating gluons, as only global degrees of freedom survive gauge fixing.
There are no transverse gluons to propagate. The partition function is
which may be calculated on any Riemann surface Σ. It only depends on the scaled gauge coupling λ (= g 2 QCD N), the area A of Σ, the topology (genus G) of Σ and the gauge group. We will consider Riemann surfaces with no boundaries. The gauge group will be either SU(N) or U(N), with a large N in order to get the string expansion in g st = 1/N.
There is a remarkable solution of QCD 2 due to Migdal and Rusakov [1] . The heat kernel lattice action reproduces (2.1) in the continuum limit, and it has the powerful feature that it is renormalization group invariant. This permits a quick solution for the partition function
where C 2 (R) is the second Casimir and dim R is the dimension of the representation R.
The sum over irreducible representations may be expressed as a sum over different weights (i.e. Young tableaux). A Young tableau has n k boxes in the k th row and rows decreasing in length, n 1 ≥ n 2 ≥ · · · ≥ n N . For SU(N) each n k is a non-negative integer, whereas for U(N) the weights n k may be any integer. The additional irreducible representations are due
where n = n k and a particular choice is made for the U(1) charge in order to simplify the
, where α is determined by the U(1)
It is a polynomial in N of degree n,
The first expression comes from the Frobenius formula for characters χ R (σ) of the representation R of the symmetric group S n [4] . K σ is the number of cycles in the permutation σ.
The second expression may be considered the large N expansion of the standard "factors over hooks" rule for the dimension (cf. [11] ). The invariantsC (k) (R) are given bỹ (2) (R) and n =C (1) (R). The resulting expression for the partition function is
where
(N + 1) − k (cf. [12] ) and n = n k = h k .
The U(N) case is simpler both because of the form of the Casimir and because the sums run over all integers n k , including the negative ones. This lets us express the G = 1 partition function in terms of elliptic functions,
(N 2 −1)
where t = iλA/2πN. The corrections come from terms in ϑ(t) N with h i = h j for some i = j.
The Jacobi theta function ϑ is ϑ 2 when N is even and ϑ 3 when N is odd.
The SU(N) partition function is more complicated. Consider first the U(N) partition function sum restricted to SU(N) Young tableaux. It may be expressed in terms of the
Then the intermediate partition function is
There is a related function, Z + , in which the sum is restricted to Young tableaux with fewer than N/2 boxes in any column.
(for N even). The large N expansion of this seemingly ad hoc function will be the focus of much of what follows. Finally, to get the SU(N) partition function, the extra term in the Casimir must be included, but that is difficult. In any case, these expressions are curious, but they are not much help. They work well for small N:
Unfortunately, (2.8) and (2.11) are not conducive to large N expansions, since it is difficult to determine if one term dominates the sum. Also, note that even the simpler U(N) partition function expressed in terms of elliptic functions is not a modular form, since each term has a different weight. We will see below that at each worldsheet genus the G = 1 string free energy is almost a modular form, but with a different modulus τ = N 2
t. On the other hand, the modular weights of the theta functions do determine the small area behavior of the partition function. Since ϑ 3 (t) ∼ t − 1 2 as t → 0, the leading term dominates the small area limit at finite N. If N is then taken to infinity, the partition function develops an essential singularity at t = 0. It is not clear from (2.8) if one term dominates in the large N limit, which should be taken first. We will see below that the string partition function has an essential singularity at λA = 0 which is the phase transition that occurs at finite coupling on the sphere [12] .
The string expansion for Z is a large N expansion. This is explained in detail in [2] and [4] , but a brief discussion of the structure will help motivate the ensuing analysis. Gross and Taylor have shown how SU(N) representations with relatively small Casimirs (of order N) and small dimensions give the leading contribution to the partition function at large N, yielding a series that has many properties of closed string perturbation theory. A Young tableau with a small number of boxes has a relatively small Casimir, and it makes a leading contribution. But for SU(N), a representation R and its complex conjugate R have the same Casimir and the same dimension, so they make the same contribution to Z. This leads to a natural factorization of representations. The "chiral" representations are those with no more than N/2 boxes in any column, and the "anti-chiral" representations are those whose complex conjugate is chiral with no column of N/2 boxes.
1 (Recall that if R has c j boxes in its j th column, then R has N − c j boxes in its j th column from the right.) Then any representation is expressed uniquely as the Young product of an anti-chiral and a chiral representation; i.e. any tableau is a chiral tableau joined to an anti-chiral tableau.
The physical partition function may be obtained from the chiral U(N) partition function, Z + , in which the sum is restricted to chiral SU(N) representations,
This is a well-defined function whose asymptotic expansion is the holomorphic topological string perturbation theory.Ã = 1 2 λA, but it is kept formally independent of A so that the extra piece of the SU(N) Casimir may be obtained by differentiation with respect toÃ. For example, the chiral SU(N) partition function is given by
14)
The free energy F = log Z is
where the Schur polynomials P n are generated by e 
using the formula for the Casimir of the Young product of a chiral and an anti-chiral repre-sentation, C 2 (SR) = C 2 (R) + C 2 (S) + 2nñ/N. The G = 1 free energies are related by
Note that only even derivatives of F + enter (2.17). As a result F + and F (but not F
or F U (N ) ) have a simple modular structure independent of the zero point energy. Once the chiral U(N) free energy is known, it is straight-forward to calculate F + SU (N ) and F SU (N ) . Of course, it is trivial to get F + U (N ) from the full SU(N) free energy, F SU (N ) , because of its modular structure.
The form of (2.16) suggests that for G = 1 the U(N) chiral partition function is on the same footing as the more physical non-chiral SU(N) partition function. This is remarkable since a topological string theory reproducing simple Hurwitz space (i.e. the moduli space of chiral U(N), cf. [8] ) is relatively easy to construct. There are no contributions from the boundary of moduli space; the contact terms vanish. A very simple, explicit perturbation gives the full theory. This is in striking contrast to the complications of G = 1.
The formula for the dimension of a composite representation is not especially simple, so (2.16) and (2.17) require unwieldy corrections for G = 1. In fact, of all the group invariants, only the quadratic Casimir has such a simple decomposition. The higher Casimirs, C k (SR), decompose into a sum of products of the lower Casimirs C l (R) and C l (S) with l ≤ k. The full partition function of QCD perturbed by C k , may be expressed as a deformation of two copies of Z + depending on the couplings of all the lower C j 's. The higher the Casimir, the more couplings that must be differentiated. The dimension of R may be expressed in terms of the C j 's as well, but in the large N limit it takes infinitely many, so the analog of (2.16)
for G = 1 requires derivatives with respect to infinitely many couplings.
The perturbed chiral U(N) partition function may be written
This partition function results from the chiral reduction of a renormalization group invariant heat kernel lattice action as before, but it leads to perturbations of the Yang-Mills action other properties a string perturbation expansion should possess, but these will be verified elsewhere [13] .
The large N chiral partition function for U(N) Yang-Mills theory on the torus has been shown to be the following sum over classes of n-sheeted holomorphic covering maps ν n [4] handles are collapsed to a point in space-time [3] . For G = 1 at λA = 0, the free energy is a sum of the orbifold Euler characteristics of the moduli spaces [8] .
We will study QCD on the torus, so there is no contribution to the free energy coming from genus 0 worldsheets. The lowest genus worldsheet to contribute is an unbranched single cover of the target space, so g min = G according to the Riemann-Hurwitz formula. Since F 0 = 0 the relationship between the free energy and the partition function is simple:
We will usually discuss the free energy below, but the partition function is very similar in form. For instance, when F + g has modular weight 6g −6, so does Z + g apart from the factor e F + 1 = η. This eta function factor gives the partition function an essential singularity at zero area/coupling which can cause difficulties (like order of limits problems) that do not arise with the free energy.
QCD On The Torus
In this section we will proceed to study some properties of the G = 1 free energy in detail.
The free energy on the torus has an interesting structure reminiscent of critical string theory, but not shared with QCD on other Riemann surfaces. It transforms nicely under target space modular transformations, as expected for a string theory. It is not exactly modular covariant, but it turns out that F + g is an anomalous modular form of weight 6g − 6. The deviations from modular covariance are of an interesting form, and they conspire to give an unexpectedly mild behavior at small area and/or weak gauge coupling. This may be related to a hidden symmetry in the string theory. The section begins with the derivation of a generating function for F QCD on the torus is simpler in many ways than on the sphere or on higher genus surfaces.
The dimension factor drops out of the heat kernel expression for the partition function (2.2):
In the Gross-Taylor description this means that no omega points or omega-inverse points are required. The chiral partition function just counts simply branched maps. Despite the absence of omega points, the free energy is non-trivial since the map ν : Σ g → Σ G=1 can wrap arbitrarily many times. The wrapping number n drops out of the Riemann-Hurwitz formula (2.20) for G = 1. This allows non-trivial modular transformations of the Kähler modulusÃ. In addition to formulations of QCD 2 using gauge theory and string theory techniques that work for any Riemann surface, QCD on the torus has been reformulated as a two dimensional free fermion theory and a Jevicki-Sakita boson theory [9, 10] . The relative simplicity of QCD on the torus along with the alternative formulations allows us to say a great deal about the string theory.
The partition function (3.22) is similar to a theta function, as we saw above in (2.8). It would be nice to extract the large N expansion directly from the theta functions, but that has proved to be difficult. We will now develop a way to sum the series (3.22) that is more amenable to a large N expansion. Since the sum is restricted to chiral representations, the factor of 1/N appearing in the first exponential in (3.22) is the string coupling. Z + may be expressed in terms of a generating function:
All of the sums over the m j begin at zero, so the generating function is just a product of geometric sums. Summing these series (and allowing for a zero point energy ǫ 0 ) we find
where the generalized eta function is given by
The omitted terms correct for the fact that we have allowed an infinite number of rows instead of stopping j at N/2, the maximum for a chiral tableau. These terms are proportional to some power of e −N , so they are exponentially small non-perturbative corrections. We can ignore them. When (3.25) is evaluated at α j = jÃ in the large N limit, the generalized eta function becomes the usual eta functioñ
with q = e −Ã (so that the Kähler modulus of the torus is τ = −Ã/(2πi)). This is the genus g = 1 chiral partition function for SU(N) and U(N) Yang-Mills on the torus found in [2] .
The free energy is the "connected" part of (3.24). It may be computed using the Campbell-Baker-Hausdorff formula. This is particularly simple because log η(α) = −Ã 24 + j log(1 − e α j ), and different derivatives cannot act on the same term in the sum.
It is key for a closed string formulation of QCD 2 that the odd powers of 1/N vanish in the partition function. This leads to some non-trivial identities [14] . For example, the term in (3.24) proportional to 1/N (corresponding to genus g = 3/2) is
The argument given above for the absence of these terms, based on Gross's original discussion, is essentially group theoretic. It would be interesting to understand the identity (3.27) and its generalizations from the point of view of number theory.
The free energy is almost, but not quite, invariant under modular transformations. Already we have seen that F + 1 = − log η. This is not modular invariant, contrary to what one would expect for a string theory. Under the transformation of the Kähler modulus
2 /Ã, the free energy has a modular anomaly: log η(4π
log(Ã/2π).
It becomes modular invariant if we make an ansatz that the theory has a holomorphic anomaly. 2 The anomaly makes a contribution to F + that depends onĀ as well asÃ. Then
This is modular invariant, and the original free energy is recovered by sendingĀ → ∞, up to an infinite shift in the zero point energy. Modular invariance is an extremely useful property.
It is a kind of strong/weak coupling duality in the gauge coupling λ, and it determines the general structure of the free energy in terms of modular forms.
The higher genus free energies are also expected to be modular covariant after the nonholomorphic completion. The string coupling transforms non-trivially (with weight −1), so the higher genus free energies should transform with a definite modular weight. Douglas [9] was able to show that this is the case using his formulation of QCD 2 on the torus in terms of a Jevicki-Sakita two dimensional boson system:
The propagator is ∂ϕ(z) ∂ϕ(0) = −∂ 2 log ϑ 1 (z|Ã) −
where ϑ 1 is the Jacobi theta function and the Weierstrass ℘ function is given by ℘(z|Ã) =
The functions E 2k are the Eisenstein series-weight 2k modular forms. They are described below. The point is that the propagator has modular weight two, where a weight k modular form transforms as
determines the weight of the genus g free energy
It has 3g−3 propagators, giving a total weight 6g−6.
It would be fantastic if we could do the integrals to determine which weight 6g − 6 modular form F + g is. Unfortunately, these integrals are very difficult. Douglas has done the F + 2 integral [15] , and we have done the F + 3 integrals. The higher genus integrals are extremely difficult, since the convolution of offset ℘ functions is not elliptic. Also, as the genus g increases, there are a growing number of diagrams and integrals. In fact, the number of diagrams at genus g is proportional to g!, as easily seen in the zero dimensional ϕ 3 integral.
In addition, ever higher weight modular forms entering from the ℘ function must be reduced.
It does not seem promising to calculate the higher genus free energies this way. Fortunately, the fact that they are modular forms determines them up to a few coefficients. These coefficients may be found by taking parametric derivatives of the generalized η function (3.24).
A set of 3g 2 /4 ((3g 2 + 2g − 5)/4 for odd g) modular forms comprises a basis at weight 6g−6. The basis is made of products of E 2 , E 4 and E 6 or E 2 , E ′ 2 and E ′′ 2 , which have weight 2, 4 and 6, respectively. Most texts on modular forms write the basis in terms of E 4 and E 6 , but for our purposes the second basis is preferable. The two bases are interchangeable, since
The prime means differentiation with respect tõ
∂ τ f , and for finiteĀ it becomes the covariant derivative
acting on a weight k modular form. Regardless of which basis is used, the genus g free energy is determined up to roughly 3g 2 /4 coefficients
2g−2 3g−3
The coefficients c kl are rational numbers to be determined.
The k th Eisenstein series, E k , is
for k ∈ 2Z + (cf. [16] ). The number theoretic function σ k (n) is the sum of the k th power of the divisors of n, σ k (n) = d|n d k , and B k is the k th Bernoulli number. Every E k is a modular form of weight k, except E 2 . There is no modular form of weight two, although E 2 comes close. The Eisenstein series transform as
The fact that the higher Eisenstein series are modular forms is easily seen from the definition (3.33) since the sums converge absolutely (and uniformly) on the upper half plane. Since E 2 has a modular anomaly, it must be covariantized by adding a term depending onĀ
The G = 1 free energy for chiral U(N) (restricted to SU(N) tableaux) has been calculated exactly up to worldsheet genus 8. It would be possible to continue up to genus 11, but beyond that the computation takes too long even on fast computers. A glance at the genus 8 result (A.56) reveals that these expressions would fill pages. The first few free energies are given by The general form of the full SU(N) free energy (the analog of (3.32) for chiral U(N)) is
where M k,l is a true modular form of weight k or a weight k combination of E ′ 2 and E ′′ 2 in the other basis. For example, A surprise about the free energy is that it has an unexpectedly mild singularity as λA → 0.
To see this it will be useful to know the large and small area behavior of the Eisenstein series.
The series are normalized so that
for k = 2, 4, · · ·. The small area limit is related to this by a modular transformation
It is amusing to note that these formulas also result from using the Euler-Maclaurin formula on the q-expansion (3.33). The usual derivation of the modular transformation laws is quite different.
Consider the expression for the partition function (3.24). In the large area limit F + g goes like e −2Ã for g ≥ 2. There is no constant term, which would come from non-covering maps.
Similarly there is no single cover term proportional to e −Ã , since higher genus surfaces must be at least double covers of the torus. 
where each c k,g is a rational number. This form may be proven using the Campbell-BakerHausdorff formula to get F 
Conclusions
In the recent program to extract a string theory from Migdal's explicit solution of QCD 2 , we have taken a step backward from the starting point, in a sense. We have computed even more explicit expressions for the QCD 2 string free energy up to genus 8. These calculations relied on a strong/weak gauge coupling duality that is exact at each order of string perturbation theory (but is violated by the non-perturbative corrections). The modular structure of the free energy is familiar from topological string theory, but there does not seem to be a simple holomorphic anomaly equation for F + .
It might be expected that there would exist a handle generating operator since F + receives no contribution coming from the boundary of moduli space (collapsed handles or tubes). In some sense the differential operator generating the partition function from the generalized eta function (3.24) plays this role. It is not as simple as one would like, since it couples to each row number separately. This is equivalent to having it couple to the infinitely many deformations of QCD 2 (the higher Casimir perturbations), rather than coupling to the Kähler modulusÃ alone. So it is an important open question in the worldsheet theory to understand how the free energy at a given genus is related to that at lower genera.
Another interesting question we have raised is the cause of the softening of the λA → 0 singularity. We proved the property by looking directly at the small area limit of the heat kernel expression for the partition function. It would be very interesting to have a worldsheet explanation for this effect (although it might just be accidental).
In any case, the exact expressions for the free energy offer many possibilities for further investigations. The goal of the recent work on two dimensional Yang-Mills theory is to make progress toward understanding four dimensional QCD, or at least to learn more about string theories without spacetime gravity. We have exhibited properties of the two dimensional free energy that could have a bearing on either of these two interesting goals.
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A Appendix: The Free Energy up to Genus 8
The U(N) free energy on the torus restricted to one chiral sector is 
